Introduction (1)
Modelling and analysis of damping properties are not as advanced as mass and stiffness properties. The reasons:
by contrast with inertia and stiffness forces, it is not in general clear which variables are relevant to determine the damping forces the spatial location of the damping sources are generally unclear -often the structural joints are more responsible for the energy dissipation than the (solid) material 
Introduction (2)
the
Non-viscous Damping Model
Any causal model which makes the energy dissipation functional non-negative is a possible candidate for a damping model non-viscous damping models in general have more parameters and therefore are more likely to have a better match with experimental measurements Question: What non-viscous damping model should be used?
Equation of Motion
specified in some domain D with homogeneous linear boundary condition of the form Mu(r, t) = 0; r ∈ Γ specified on some boundary surface Γ.
u(r, t): displacement variable ρ(r): mass distribution of the system p(r, t): distributed time-varying forcing function L 2 : spatial self-adjoint stiffness operator M: linear operator acting on the boundary
The Damping Operator
The damping operator L 1 can be written in the form
where C 1 (r, ξ, t) is the kernel function.
The velocitiesu(ξ, τ ) at different time instants and spatial locations are coupled through the kernel function Eq.
(1) together with the damping operator (2) represents a partial integro-differential equation
Any function that makes the energy dissipation function
non-negative can be used as a kernel function.
The main assumption:
the damping kernel function C 1 (r, ξ, t) is separable in space and time
Viscous Damping
The kernel function is a delta function in both space and time:
the spatial delta function means that the damping force is 'locally reacting' and the time delta function implies that the force depends only on the instantaneous value of the motion in general this represents the non-proportional viscous damping model
Viscoelastic Damping
The kernel function is a delta function in space but depends on the past time histories:
Represents a locally reacting viscoelastic damping model where the damping force depends on the past velocity time histories through a convolution integral over the kernel function g(t)
g(t) is known as retardation function, heredity function or relaxation function
Non-local Viscous Damping
The kernel function is a delta function in time but depends on the spatial distribution of the velocities:
velocities at different points can affect the damping force at a given point via a convolution integral
Non-local Viscoelastic Damping
This is the most general form of damping model the only assumption is that the kernel function is separable in space and time:
all the previous three damping models can be identified as special cases of this model Plausible functional form of the kernel functions in space and time is required Requirement:
For a physically realistic model of damping
Non-viscous Damping Functions
Damping functions (in Laplace domain) Author, Year Golla and Hughes (1985) and McTavish and Hughes (1993) 
Lesieutre and Mingori (1990)
c(r − ξ) = α 2 exp(−α|r − ξ|) and C(r), g ∞ , µ and α are all positive
The damping force:
Special Cases if α → ∞, µ → ∞ one obtains the standard viscous model in (4) if α → ∞ and µ is finite one obtains the local non-viscous model in (5) if α is finite but µ → ∞ one obtains the non-local viscous damping model in (6) if both α and µ are finite one obtains the non-local viscoelastic damping model in (7) Damped Euler-Bernoulli Beam ??? ???
Homogeneous Euler-Bernoulli beam with non-viscous damping
Objectives:
To obtain eigenvalues and eigenvectors of the system Part within the damping patch:
Equation of Motion (2)
Part outside the non-viscous damping patch:
Appropriate boundary conditions must be satisfied at x = x L and at x = x R relevant continuity conditions at the internal points x 1 and x 2 must be satisfied
Outline of the Solution Method
Transform the equations into Laplace domain differentiate with respect to the spatial variable to eliminate the spatial correlation terms (possible due to the exponential assumption) express the BCs corresponding to the higher order derivatives in terms of the known BCs repeat the process for all three segments merge the solutions from the three segments by matching the displacements and their derivatives at the interfaces
Eigensolutions of the Beam
The eigenvalues λ j are the roots of
The corresponding mode shapes are
Boundary Conditions
The matrices M(s) and N(s) depend on the boundary conditions:
Clamped-clamped (C-C): 
Euler-Bernoulli beam with complex boundary conditions and middle supports
Example 2: The System (2)
The numerical values (in SI units) of the system parameters are as follows:
Case 1: Local viscous damping:
Case 2: Non-local non-viscous damping:
Example 2 Imaginary parts of the first four modes for Case 2 A method to obtain the natural frequencies and mode-shapes of Euler-Bernoulli beams with general linear damping models has been proposed it is assumed that the damping force at a given point in the beam depends on the past history of velocities at different points via convolution integrals over exponentially decaying kernel functions conventional viscous and viscoelastic damping models can be obtained as special cases of this general linear damping model the choice of damping models effects the imaginary parts of the complex modes future work will discuss computational issues, forced vibration problems and experimental identification of non-viscous damping models
Open Problems
To what extent different damping models with 'correct' sets of parameters influence the dynamics?
which aspects of dynamic behavior are wrongly predicted by an incorrect damping model?
how to choose a damping model (not the parameters!) for a given system?
